In this chapter we introduce and investigate the total graph T (Γ(M)) of a module M with respect to singular submodule Z(M). This chapter has two sections. The first section contains the preliminaries needed for the subsequent section and the second section contains our main results.
Proof. Since by proposition 3.1.1(1) R ∈ E(R), we always have 0 ∈ Z(M).
If x, y ∈ Z(M), then xI = yJ = 0 for suitable I, J ∈ E(R). Since by proposition 3.1.1(3) I ∩ J ∈ E(R) and (x − y)(I ∩ J) = 0, we get x − y ∈ Z(M).
Also,given any r ∈ R, we have by proposition 3.1.1(4) r −1 I ∈ E(R) and (xr)(r −1 I) ≤ xI = 0, hence xr ∈ Z(M).
Thus, Z(M) is a submodule of M. Example 3.1.1. Every torsion group is a singular Z-module and every torsion-free group is a nonsingular Z-module. Also,Z is a nonsingular module over itself.
Proposition 3.1.2. [37] A module C is singular if and only if there exists a short exact sequence 0 → A → f B → g C → 0 such that f is an essential monomorphism.
Proof. First let us assume that we have such an exact sequence. Given any b ∈ B, we have a map k : R → B defined by k(r) = br. According to lemma 1.1.3 we have k −1 ( f A) ≤ e R R , i.e., the right ideal I = {r ∈ R|br ∈ f A} belongs to E(R). Now bI ≤ f A = kerg; hence (gb)I = 0 and so gb ∈ Z(C). Since g is an epimorphism, we thus obtain Z(C) = C. Therefore, C is singular.
Conversely, let us assume that C is singular and let us choose a short exact sequence
we obtain A ≤ e B, and thus the inclusion map A → B is an essential monomorphism. Let us now observe the graph T (Γ(M)) and its induced subgraphs Z(Γ(M)) and Z(Γ(M)).
It is very easy to conclude that Z(Γ(M)) is complete and also disjoint from Z(Γ(M)). 
Main Results
In this section we present our main results.
We start this section with monomorphic character of module which depicts the corresponding graphical character. We observe that the monomorphic character of module carries the graphical character.
for all x, y ∈ M 1 .
Proof. Let x adj y. Then there exists an essential ideal I of R such that (x + y)I = 0. Then it is easy see that ( f (x) + f (y))I = 0. This completes the proof.
Proof. Suppose that T (Γ(M 1 )) is a complete graph. To show that T (Γ( f (M 1 ))) is also a complete graph. For this, we assume y 1 , y 2 ∈ f (M 1 ). Then there exists elements x 1 and
x 2 in M 1 such that y 1 = f (x 1 ) and y 2 = f (x 2 ) respectively. Since T (Γ(M 1 )) is complete , so we have x 1 ad j x 2 . Then by Lemma 3.2.1 we get, y 1 ad j y 2 . Thus T (Γ( f (M 1 ))) is also a complete graph.
Proof. We need only to show that adjacency relation is preserved. For this, we assume that x adj y for all x, y ∈ M 1 . Then there exists an essential ideal I of R such that (x + y)I = 0. It can be easily obtained that f(x) adj f(y). Hence the result. 
Theorem 3.2.4. The following hold:
(2) If N is a submodule of M, then T (Γ(N)) is the (induced)subgraph of T (Γ(M)).
Proof.
(1) Since by definition Z (Γ(M) ) is the (induced) subgraph of T (Γ(M)) with vertex set Z(M) so we need only to proof that Z(Γ(M)) is complete.
For that let x, y ∈ Z(M) be any two distinct vertices of Z(Γ(M)). As Z(M) is a submodule of M, we have x + y ∈ Z(M). Thus, x adj y in Z (Γ(M) ). Therefore,
Also, by definition the vertex sets Z(M) and Z(M) are disjoint.Hence, Z(Γ(M)) is disjoint from Z(Γ(M)).
(2) It is clear from the definitions.
Theorem 3.2.5. The following hold:
(1) Assume that G is an induced subgraph of Z(Γ(M)) and let x and y be two distinct vertices of G that are connected by a path in G. Then there exists a path in G of length 2 between x and y. In particular, if Z(Γ(M)) is connected, then diam(Z(Γ(M))) ≤ 2. Theorem 3.2.6. The following statements are equivalent.
(1) Z(Γ(M)) is connected.
(
( (1) If 2 ∈ Z(R) then Z(Γ(M)) is the union β − 1 disjoint K α 's.
(2) If 2 / ∈ Z(R) then Z(Γ(M)) is the union of (β − 1)/2 disjoint K α,α 's. (2) Let x ∈ Z(M) and 2 / ∈ Z(R). Then no two distinct elements of
. This implies that for some essential ideal I of R we have 2xI = 0. Now, we have for every non-zero ideal K of R, I ∩ K = 0, i.e. there exists a non-zero x ∈ R with x ∈ I ∩ K. From this we get
x + x = 2x ∈ I and 2x ∈ K. But 2 / ∈ Z(R), therefore 2x = 0. Thus 2x is a non-zero element with 2x ∈ 2I ∩ K leading onto 2I is an essential ideal of R. This will imply that x ∈ Z(M), as x(2I) = 0, which is a contradiction. Also, since 2x / ∈ Z(M), two cosets x + Z(M) and (1) If Z(Γ(M)) is complete then either |M/Z(M)| = 2 or |M/Z(M)| = |M| = 3.
(2) If Z(Γ(M)) is connected then either |M/Z(M)| = 2 or |M/Z(M)| = 3.
(3) If Z(Γ(M)) (and hence Z(Γ(M)) and T (Γ(M))) is totally disconnected then either Z(M) = 0 and 2 ∈ Z(R).
Proof. Suppose that |M/Z(M)| = β and |Z(M)| = α.
(1) First we assume Z(Γ(M)) is complete. This implies that Z(Γ(M)) is a single K α or K 1,1 , by Theorem 3.2.6. If 2 ∈ Z(R), then β − 1 = 1,that is,β = 2 and thus |M/Z(M)| = 2.
Again, if 2 / ∈ Z(R) then α = 1 and (β − 1)/2 = 1. Hence Z(M) = 0 and β = 3; thus
(2) Suppose that Z(Γ(M)) is connected. This implies that Z(Γ(M)) is a single K α or K α,α , by Theorem 3.2.6 . If 2 ∈ Z(R), then β − 1 = 1,that is,β = 2 and thus |M/Z(M)| = 2. Again, if 2 / ∈ Z(R) then (β − 1)/2 = 1,that is,β = 3 and thus |M/Z(M)| = 3.
(3) Z(Γ(M)) is totally disconnected if and only if it is a disjoint union of K 1 's. Thus by Theorem 3.2.6 we have |Z(M)| = 1 and |M/Z(M)| = 1, and hence the result. Theorem 3.2.10. Let M 1 and M 2 be two finite modules over a finite ring R.Then the following hold:
(1) If T (Γ(M 1 )) is a Hamiltonian graph, then so is T (Γ(M 1 × M 2 )).
